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Abstract

The geometric median covariation matrix is a robust multivariate indicator of dis-
persion which can be extended without any difficulty to functional data. We define
estimators, based on recursive algorithms, that can be simply updated at each new
observation and are able to deal rapidly with large samples of high dimensional data
without being obliged to store all the data in memory. Asymptotic convergence prop-
erties of the recursive algorithms are studied under weak conditions. The computation
of the principal components can also be performed online and this approach can be
useful for online outlier detection. A simulation study clearly shows that this robust
indicator is a competitive alternative to minimum covariance determinant when the
dimension of the data is small and robust principal components analysis based on
projection pursuit and spherical projections for high dimension data. An illustration
on a large sample and high dimensional dataset consisting of individual TV audiences
measured at a minute scale over a period of 24 hours confirms the interest of consider-
ing the robust principal components analysis based on the median covariation matrix.
All studied algorithms are available in the R package Gmedian on CRAN.

Keywords. Averaging, Functional data, Geometric median, Online algorithms, Online
principal components, Recursive robust estimation, Stochastic gradient, Weiszfeld’s algo-

rithm.

1 Introduction

Principal Components Analysis is one of the most useful statistical tool to extract informa-
tion by reducing the dimension when one has to analyze large samples of multivariate or
functional data (see e.g. [Jolliffe (2002) or [Ramsay and Silverman (2005)). When both the

dimension and the sample size are large, outlying observations may be difficult to detect

automatically. Principal components, which are derived from the spectral analysis of the



covariance matrix, can be very sensitive to outliers (see Devlin et al| (1981))) and many
robust procedures for principal components analysis have been considered in the literature
(see [Hubert et al.| (2008)), Huber and Ronchetti (2009) and Maronna et al.| (2006)).

The most popular approaches are probably the minimum covariance determinant es-
timator (see Rousseecuw and van Driessen| (1999))) and the robust projection pursuit (see
Croux and Ruiz-Gazen| (2005) and Croux et al. (2007)). Robust PCA based on projection
pursuit has been extended to deal with functional data in [Hyndman and Ullah (2007)) and
Bali et al.| (2011). Adopting another point of view, robust modifications of the covari-
ance matrix, based on projection of the data onto the unit sphere, have been proposed in
Locantore et al.| (1999) (see also |Gervini (2008) and Taskinen et al. (2012)).

We consider in this work another robust way of measuring association between vari-
ables, that can be extended directly to functional data. It is based on the notion of median
covariation matrix (MCM) which is defined as the minimizer of an expected loss criterion
based on the Hilbert-Schmidt norm (see Kraus and Panaretos| (2012) for a first definition in
a more general M-estimation setting). It can be seen as a geometric median (see Kemper-
man (1987) or Mottonen et al.| (2010)) in the particular Hilbert spaces of square matrices
(or operators for functional data) equipped with the Frobenius (or Hilbert-Schmidt) norm.
The MCM is non negative and unique under weak conditions. As shown in [Kraus and
Panaretos (2012) it also has the same eigenspace as the usual covariance matrix when the
distribution of the data is symmetric and the second order moment is finite. Being a spatial
median in a particular Hilbert space of matrices, the MCM is also a robust indicator of
central location, among the covariance matrices, which has a 50 % breakdown point (see
Kemperman| (1987) or Maronna et al.| (2006))) as well as a bounded gross sensitivity error
(see |Cardot et al.| (2013)).

The aim of this work is twofold. It provides efficient recursive estimation algorithms
of the MCM that are able to deal with large samples of high dimensional data. By this
recursive property, these algorithms can naturally deal with data that are observed sequen-
tially and provide a natural update of the estimators at each new observation. Another
advantage compared to classical approaches is that such recursive algorithms will not re-
quire to store all the data. Secondly, this work also aims at highlighting the interest of
considering the median covariation matrix to perform principal components analysis of
high dimensional contaminated data.

Different algorithms can be considered to get effective estimators of the MCM. When
the dimension of the data is not too high and the sample size is not too large, Weiszfeld’s
algorithm (see Weiszfeld (1937) and |Vardi and Zhang (2000)) can be directly used to
estimate effectively both the geometric median and the median covariation matrix. When
both the dimension and the sample size are large this static algorithm which requires
to store all the data may be inappropriate and ineffective. We show how the algorithm
developed by (Cardot et al.| (2013) for the geometric median in Hilbert spaces can be adapted
to estimate recursively and simultaneously the median as well as the median covariation

matrix. Then an averaging step (Polyak and Juditsky (1992)) of the two initial recursive



estimators of the median and the MCM permits to improve the accuracy of the initial
stochastic gradient algorithms. A simple modification of the stochastic gradient algorithm
is proposed in order to ensure that the median covariance estimator is non negative. We
also explain how the eigenelements of the estimator of the MCM can be updated online
without being obliged to perform a new spectral decomposition at each new observation.

The paper is organized as follows. The median covariation matrix as well as the re-
cursive estimators are defined in Section 2. In Section 3, almost sure and quadratic mean
consistency results are given for variables taking values in general separable Hilbert spaces.
The proofs, which are based on new induction steps compared to|Cardot et al.| (2013]), allow
to get better convergence rates in quadratic mean even if this new framework is much more
complicated because two averaged non linear algorithms are running simultaneously. One
can also note that the techniques generally employed to deal with two time scale Robbins
Monro algorithms (see Mokkadem and Pelletier| (2006) for the multivariate case) require
assumptions on the rest of the Taylor expansion and the finite dimension of the data that
are too restrictive in our framework. In Section 4, a comparison with some classic robust
PCA techniques is made on simulated data. The interest of considering the MCM is also
highlighted on the analysis of individual TV audiences, a large sample of high dimensional
data which, because of its dimension, can not be analyzed in a reasonable time with clas-
sical robust PCA approaches. The main parts of the proofs are described in Section 5.
Perspectives for future research are discussed in Section 6. Some technical parts of the
proofs as well as a description of Weiszfeld’s algorithm in our context are gathered in an

Appendix.

2 Population point of view and recursive estimators

Let H be a separable Hilbert space (for example H = R% or H = L?(I), for some closed
interval I C R). We denote by (.,.) its inner product and by ||-|| the associated norm.
We consider a random variable X that takes values in [ and define its center m € H

as follows:
m = argmin B [|.X —ul| — [|X]] (1)

The solution m € H is often called the geometric median of X. It is uniquely defined
under broad assumptions on the distribution of X (see Kemperman| (1987)) which can be

expressed as follows.

Assumption 1. There exist two linearly independent unit vectors (uy,us) € H?, such that
Var((u, X)) >0, foru € {uj,us}.

If the distribution of X —m is symmetric around zero and if X admits a first moment
that is finite then the geometric median is equal to the expectation of X, m = E[X].
Note however that the general definition does not require to assume that the first order
moment of || X is finite since |E[||X — u|| — || X|[]]]| < |lu-



2.1 The (geometric) median covariation matrix (MCM)

We now consider the special vector space, denoted by S(H), of d x d matrices when H = R?,
or for general separable Hilbert spaces H, the vector space of linear operators mapping
H — H. Denoting by {e;j,j € J} an orthonormal basis in H, the vector space S(H)
equipped with the following inner product:

(A,B)r = (Aej, Be;) (2)
jeJ

is also a separable Hilbert space. In S(R?), we have equivalently
(A,B)p =tr (A"B), (3)

where AT is the transpose matrix of A. The induced norm is the well known Frobenius
norm (also called Hilbert-Schmidt norm) and is denoted by ||.|| .

When X has finite second order moments, with expectation E [X| = u, the covariance
matrix of X, E [(X — u)(X — p)T] can be defined as the minimum argument, over all the
elements belonging to S(H), of the functional G2 : S(H) — R,

GpaT) = E [ (X = ) (X — ) — T3~ [ (X = (X — w"[[3].

Note that in general Hilbert spaces with inner product (.,.), operator (X — p)(X — u)T
should be understood as the operator v € H — (u, X — pu)(X — p). The MCM is obtained
by removing the squares in previous function in order to get a more robust indicator of
"covariation". For a € H, define G, : S(H) — R by

Go(V) =E[|[(X —a)(X —a)" = V||, - [|(X = a)(X —e)"| ] - (4)

The median covariation matrix, denoted by I, is defined as the minimizer of G,, (V') over
all elements V' € S(H). The second term at the right-hand side of (4]) prevents from having
to introduce hypotheses on the existence of the moments of X. Introducing the random
variable Y := (X —m)(X —m)7 that takes values in S(H), the MCM is unique provided
that the support of Y is not concentrated on a line and Assumption 1 can be rephrased as
follows in S(H),

Assumption 2. There exist two linearly independent unit vectors (Vi,Va) € S(H)?, such
that
Var((V,Y) ) > 0, for V € {Vi,Val.

We can remark that Assumption [I]and Assumption [2]are strongly connected. Indeed, if
Assumption[I]holds, then Var({u, X)) > 0for u € {u1, us}. Consider the rank one matrices
Vi = uwiul and Vo = upul , we have (V3, Y)p=(u, X — m)? which has a strictly positive
variance when the distribution of X has no atom. More generally Var((V1,Y)z) > 0
unless there is a scalar a > 0 such that P [(u;, X —m) =a] = P[(u;, X —m) = —a] = 3

(assuming also that P[X —m = 0] = 0).



Furthermore it can be deduced easily that the MCM, which is a geometric median in
the particular Hilbert spaces of Hilbert-Schmidt operators, is a robust indicator with a
50% breakdown point (see Kemperman| (1987)) and a bounded sensitive gross error (see
Cardot et al.| (2013))).

We also assume that

Assumption 3. There is a constant C' such that for all h € H and all V € S(H)
(@: E[(x-nE-n"-v|']<c
®): E[|(x-mx-n-v|’|<c

This assumption implicitly forces the distribution of (X —h)(X —h)7 to have no atoms.
It is more "likely" to be satisfied when the dimension d of the data is large (see Chaudhuri
(1992) and |Cardot et al. (2013)) for a discussion). Note that it could be weakened as in
Cardot et al.| (2013) by allowing points, necessarily different from the MCM TI'),, to have
strictly positive masses. Considering the particular case V' = 0, Assumption (a) implies
that for all h € H,

E [”X_thQ] <c, (5)

and this is not restrictive when the dimension d of H is equal or larger than 3.

Under Assumption [3{(a), the functional G}, is twice Fréchet differentiable, with gradient

(6)

— — T _
VGh(V):—E[H((X h)(X — h) V}

X=hX-n"=V]g

and Hessian operator, V2G (V) : S(H) — S(H),

ViG(V)=E

! (Y (h) = V) &r (Y <h>—V>> 0

||Y<h>—V||F(IS(H)_ 1Y (h) = V"

where Y (h) = (X —h)(X —h)T, Ig) is the identity operator on S(H) and A®p B(V) =
(A, V)pB for any elements A, B and V belonging to S(H).

Furthermore, I'y, is also defined as the unique zero of the non linear equation:

VG (Tm) = 0. (8)

Remarking that previous equality can be rewritten as follows,

1 (X —m)(X —m)T

E L X —m)(X —m)T - )

it is clear that Iy, is a bounded, symmetric and non negative operator in S(H ).
As stated in Proposition 2 of Kraus and Panaretos (2012)), operator I';, has an impor-

tant stability property when the distribution of X is symmetric, with finite second moment,



i.e E [HXHz} < o0. Indeed, the covariance operator of X, ¥ = E [(X —m)(X —m)T],
which is well defined in this case, and I',, share the same eigenvectors: if e; is an eigen-
vector of X with corresponding eigenvalue A;, then I';,e; = S\jej, for some non negative
value 5\]-. This important result means that for Gaussian and more generally symmetric
distribution (with finite second order moments), the covariance operator and the median
covariation operator have the same eigenspaces. Note that it is also conjectured in |Kraus

and Panaretos (2012) that the order of the eigenfunctions is also the same.

2.2 Efficient recursive algorithms

We suppose now that we have i.i.d. copies Xi,...,X,,... of random variables with the
same law as X.

For simplicity, we temporarily suppose that the median m of X is known. We consider
a sequence of (learning) weights v, = ¢,/n®, with ¢, > 0 and 1/2 < o < 1 and we define

the recursive estimation procedure as follows

(X1 —m) (Xn1 —m)" =W,
[(Xnt1 —m)(Xng1 —m)T = W
1

WTH—I = Wn - m (Wn - Wn+1) . (11)

This algorithm can be seen as a particular case of the averaged stochastic gradient al-
gorithm studied in |Cardot et al. (2013)). Indeed, the first recursive algorithm is a
stochastic gradient algorithm,

(X1 —m)(Xnt1 — m)T - Wy

E
[(Xns1 = m)(Xnp1 —m)" = Wallg

| Fn| = VG (W)

where F,, = o(X1,...,X,) is the o-algebra generated by Xi,..., X, whereas the final
estimator W, is obtained by averaging the past values of the first algorithm. The averaging
step (see Polyak and Juditsky|(1992)), i.e. the computation of the arithmetical mean of the
past values of a slowly convergent estimator (see Proposition below), permits to obtain
a new and efficient estimator converging at a parametric rate, with the same asymptotic
variance as the empirical risk minimizer (see Theorem [3.1| below).

In most of the cases the value of m is unknown so that it also required to estimate the
median. To build an estimator of I, it is possible to estimate simultaneously m and I',,, by
considering two averaged stochastic gradient algorithms that are running simultaneously.
Forn > 1,

X, —-m
— (m)_“ntl 7 n
b
_ _ 1
Mpy1 = Mp — n+ 1 (mn - mn-i—l) (12)

(Xn+1 - mn)(Xn—i-l - mn)T - Vn
H(Xn—f—l - mn)(Xn-i-l - mn)T - VnHF

_ _ 1 _
Vsl =V — o (Vi = Vag1) (14)

Vn+1 =V, + Tn




where the averaged recursive estimator 7,41 of the median m is controlled by a sequence
of descent steps 'yT(Lm). The learning rates are generally chosen as follows, 71(1m) = ¢cpn” 9,
where the tuning constants satisfy ¢, € [2,20] and 1/2 < o < 1.

Note that by construction, even if V,, is non negative, V,, 11 may not be a non negative

matrix when the learning steps do not satisfy

In

— — <1.
[(Xnt1 — ) (Xng1 — mn)T - VTLHF

Projecting V,,+1 onto the closed convex cone of non negative operators would require to
compute the eigenvalues of V,, 1 which is time consuming in high dimension even if V11 is
a rank one perturbation to V;, (see|Cardot and Degras (2015)). We consider the following
simple approximation to this projection which consists in replacing in the descent step
vn, by a thresholded one,

Yn,pos = min (’Yna ‘(Xn—l—l - mn)(Xn—‘rl - mn)T - V"HF) (15)

which ensures that V,,11 remains non negative when V,, is non negative. The use of these
modified steps and an initialization of the recursive algorithm (13| with a non negative

matrix (for example Vj = 0) ensure that for all n > 1, V;, and V,, are non negative.

2.3 Online estimation of the principal components

It is also possible to approximate recursively the ¢ eigenvectors (unique up to sign) of
I';, associated to the ¢ largest eigenvalues without being obliged to perform a spectral
decomposition of V,, ;1 at each new observation. Many recursive strategies can be employed
(see |Cardot and Degras| (2015]) for a review on various recursive estimation procedures of
the eigenelements of a covariance matrix). Because of its simplicity and its accuracy, we

consider the following one:

1 — Uj )
Ujn+1 = Ujn + — <Vn+1m - uj,n) y J = 17 ) (16)
n [ujonl

combined with an orthogonalization by deflation of w1 y41,...ugn+1. This recursive al-
gorithm is based on ideas developed by |Weng et al.| (2003]) that are related to the power
method for extracting eigenvectors. If we assume that the ¢ first eigenvalues Ay > --- > A,
are distinct, the estimated eigenvectors u1 p41,...Ugn+1, Which are uniquely determined
up to sign change, tend to Aju1,..., Agu,.

Once the eigenvectors are computed, it is possible to compute the principal components
as well as indices of outlyingness for each new observation (see Hubert et al. (2008]) for a

review of outliers detection with multivariate approaches).

2.4 Practical issues, complexity and memory

The recursive algorithms and require each O(d?) elementary operations at each

update. With the additional online estimation given in (16} of the g eigenvectors associated



to the ¢ largest eigenvalues, O(gd?) additional operations are required. The orthogonal-
ization procedure only requires O(g?d) elementary operations.

Note that the use of classical Newton-Raphson algorithms for estimating the MCM (see
Fritz et al| (2012)) can not be envisaged for high dimensional data since the computation
or the approximation of the Hessian matrix would require O(d*) elementary operations.
The well known and fast Weiszfeld’s algorithm requires O(nd?) elementary operations for
each sample with size n. However, the estimation cannot be updated automatically if the
data arrive sequentially. Another drawback compared to the recursive algorithms studied
in this paper is that all the data must be stored in memory, which is of order O(nd?)
elements whereas the recursive technique require an amount of memory of order O(d?).

The performances of the recursive algorithms depend on the values of tuning parameters
¢y, ¢m and . The value of parameter « is often chosen to be a = 2/3 or o = 3/4. Previous
empirical studies (see/Cardot et al.| (2013) and |Cardot et al. (2010)) have shown that, thanks
to the averaging step, estimator m,, performs well and is not too sensitive to the choice of
cm, provided that the value of ¢, is not too small. An intuitive explanation could be that
here the recursive process is in some sense "self-normalized" since the deviations at each
iteration in have unit norm and finding some universal values for ¢, is possible. Usual
values for ¢, and ¢, are in the interval [2,20]. When n is fixed, this averaged recursive
algorithm is about 30 times faster than the Weiszfeld’s approach (see |Cardot et al.| (2013)).

3 Asymptotic properties

When m is known, W, can be seen as an averaged stochastic gradient estimator of the
geometric median in a particular Hilbert space and the asymptotic weak convergence of
such estimator has been studied in |Cardot et al. (2013)). They have shown that:

Theorem 3.1. (Cardot et al. (2015), Theorem 3.4).
If assumptions 1-3(a) hold, then as n tends to infinity,

Vi (Wy —Th) ~ N(0,A)
where ~ stands for convergence in distribution and A = (V%l(l“m))f1 v (V%L(Pm))fl is

(Y(m)—Fm)®F(Y(m)—Fm)}
1Y (m)—Tom|| p*

the limiting covariance operator, with ¥ = E {

As explained in (Cardot et al.| (2013)), the estimator W, is efficient in the sense that it
has the same asymptotic distribution as the empirical risk minimizer related to G, (V') (see
for the derivation of its asymptotic normality in Mottonen et al.| (2010) in the multivariate
case and |Chakraborty and Chaudhuri (2014) in a more general functional framework).

Using the delta method for weak convergence in Hilbert spaces (see Dauxois et al.| (1982)
or |Cupidon et al.| (2007))), one can deduce, from Theorem the asymptotic normality of
the estimated eigenvectors of W,,. It can also be proven (see Godichon-Baggioni (2016))),

under Assumptions 1-3, that there is a positive constant K such that for all n > 1,
K

B[, - Tal2] < &

8



Note finally that non asymptotic bounds for the deviation of W,, around I',,, can be derived

readily with the general results given in |Cardot et al. (2016]).

The more realistic case in which m must also be estimated is more complicated because
V,, depends on i, which is also estimated recursively with the same data. We first state

the strong consistency of the estimators V;, and V,,.
Theorem 3.2. If assumptions 1-3(b) hold, we have

11113;@ Vo =Tl =0 a.s.
and

lim |V, =T, =0 a.s.

n—oo
The obtention of the rate convergence of the averaged recursive algorithm relies on a
fine control of the asymptotic behavior of the Robbins-Monro algorithms, as stated in the

following proposition.

Theorem 3.3. If assumptions 1-3(b) hold, there is a positive constant C', and for all
B € (a,2a), there is a positive constant Cg such that for alln > 1,
Cl
2

E IV = Tullf| < 5

C//

4

E[|Vas1 - Tull}] < =
The obtention of an upper bound for the rate of convergence at the order four of the
Robbins-Monro algorithm is crucial in the proofs. Furthermore, the following proposition

ensures that the exhibited rate in quadratic mean is the optimal one.

Proposition 3.4. Under assumptions 1-3(b), there is a positive constant ¢ such that for
alln > 1,
2 c
E[IVa - Tul3] = 5.

nOé

Finally, the following theorem is the most important theoretical result of this work. It
shows that, in spite of the fact that it only considers the observed data one by one, the
averaged recursive estimation procedure gives an estimator which has a classical parametric

v/n rate of convergence in the Hilbert-Schmidt norm.

Theorem 3.5. Under Assumptions 1-3(b), there is a positive constant K' such that for
alln>1,

_ 2 K’
E [V - Lul|7] < =
n
Assuming the eigenvalues of I',, are of multiplicity one, it can be deduced from Theo-
rem and Lemma 4.3 in Bosq (2000), the convergence in quadratic mean of the eigen-

vectors of V,, towards the corresponding (up to sign) eigenvector of ', .



4 An illustration on simulated and real data

A small comparison with other classical robust PCA techniques is performed in this section
considering data in relatively high dimension but samples with moderate sizes. This per-
mits to compare our approach with classical robust PCA techniques, which are generally
not designed to deal with large samples of high dimensional data. In our comparison, we
have employed the following well known robust techniques: robust projection pursuit (see
Croux and Ruiz-Gazen (2005) and (Croux et al. (2007))), minimum covariance determinant
(MCD, see Rousseeuw and van Driessen| (1999)) and spherical PCA (see |Locantore et al.
(1999)). The computations were made in the R language (R Development Core Team
(2010)), with the help of packages pcaPP and rrcov. For reproductible research, our
codes for computing the MCM have been posted on CRAN in the Gmedian package. We
will denote by MCM(R) the recursive estimator V,, defined in and MCM(R+) its non
negative modification whose learning weights are defined in .

If the size of the data n x d is not too large, an effective way for estimating I',,, is to
employ Weiszfeld’s algorithm (see |Weiszfeld| (1937) and [Vardi and Zhang| (2000) as well
the Supplementary file for a description of the algorithms in our particular situation). The
estimate obtained thanks to Weiszfeld’s algorithm is denoted by MCM(W) in the following.
Note that other optimization algorithms which may be preferred in small dimension (see
Fritz et al. (2012)) have not been considered here since they would require the computation
of the Hessian matrix, whose size is d*, and this would lead to much slower algorithms.
Note finally that all these alternative algorithms do not admit a natural updating scheme
when the data arrive sequentially so that they should be completely ran again at each new

observation.

4.1 Simulation protocol

Independent realizations of a random variable Y € R¢ are drawn, where
Y = (1-0(5)X 4+ O(d)e, (17)

is a mixture of two distributions and X, O and ¢ are independent random variables. The
random vector X has a centered Gaussian distribution in R? with covariance matrix [¥] 6=
min(¢, j)/d and can be thought as a discretized version of a Brownian sample path in
[0,1]. The multivariate contamination comes from e, with different rates of contamination
controlled by the Bernoulli variable O(9), independent from X and e, with P(O(d) = 1) = §
and P(O(d) = 0) = 1 — §. Three different scenarios (see Figure [1) are considered for the

distribution of e:

e The elements of vector € are d independent realizations of a Student ¢ distribution
with one degree of freedom. This means that the first moment of Y is not defined

when § > 0.

e The elements of vector € are d independent realizations of a Student ¢ distribution

10
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Figure 1: A sample of n = 20 trajectories when d = 50 and & = 0.10 for the three different
contamination scenarios: Student ¢ with 1 degree of freedom, Student ¢ with 2 degrees of

freedom and reverse time Brownian motion (from left to right).

with two degrees of freedom. This means that the second moment of Y is not defined
when § > 0.

e The vector € is distributed as a "reverse time" Brownian motion. It has a Gaussian
centered distribution, with covariance matrix [Xc]¢; = 2min(d — ¢,d — j)/d. The
covariance matrix of Y is (1 — 0)X + dX..

For the averaged recursive algorithms, we have considered tuning coefficients ¢, = ¢y =
2 and a speed rate of @ = 3/4. Note that the values of these tuning parameters have not
been particularly optimised. We have noted that the simulation results were very stable,
and did not depend much on the value of ¢, and ¢, for ¢, cy € [1,20].

The estimation error of the eigenspaces associated to the largest eigenvalues is evaluated
by considering the squared Frobenius norm between the associated orthogonal projectors.
Denoting by P, the orthogonal projector onto the space generated by the g eigenvectors of
the covariance matrix Y associated to the ¢ largest eigenvalues and by f’q an estimation,

we consider the following loss criterion,

R(P,.P,) = | (P, - P,) (P, P,)]

= 2¢— 2tr [ﬁqPq} . (18)

11
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Figure 2: Estimation errors (at a logarithmic scale) over 500 Monte Carlo replications,
for n = 200, d = 50 with no contamination (6 = 0). MCM(W) stands for the estimation
performed by the Weiszfeld’s algorithm whereas MCM(R) denotes the averaged recursive
approach and MCM(R+) its non negative modification (see equation .

Note that we always have R(f’q, P,) <2qand R(f’q, P,) = 2¢ means that the eigenspaces

generated by the true and the estimated eigenvectors are orthogonal.

4.2 Comparison with classical robust PCA techniques

We first compare the performances of the two estimators of the MCM based on the
Weiszfeld’s algorithm and the recursive algorithms (see ((14)) with more classical robust
PCA techniques.

We generated samples of Y with size n = 500 and dimension d € {50,200}, over 500
replications. Different levels of contamination are considered : ¢ € {0,0.02,0.05,0.10,0.20}.
For both dimensions d = 50 and d = 200, the first eigenvalue of the covariance matrix of
X represents about 81 % of the total variance, and the second one about 9 %.

The median errors of estimation of the eigenspace generated by the first two eigenvectors
(¢ = 2), according to criterion ([L§)), are given in Table 1] for non contaminated data (§ = 0).
The distribution of the estimation error R(f’q, P,) is drawn for the different approaches
in Figure |2l when the dimension is not large (d = 50). As expected, the "Oracle", which
is the classical PCA in this situation, provides the best estimations of the eigenspaces.

Then, the MCD and the median covariation matrix, estimated by the Weiszfeld algorithm

12
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Figure 3: Estimation errors (at a logarithmic scale) over 500 Monte Carlo replications,
for n = 200, d = 50 and a contamination by a ¢ distribution with 2 degrees of freedom
with 6 = 0.02. MCM(W) stands for the estimation performed by the Weiszfeld’s algo-
rithm whereas MCM(R) denotes the averaged recursive approach and MCM(R+), its non

negative modification with learning steps as in ((15)).
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PCA MCD MCM(W) MCM(R+) MCM(R) SphPCA PP
d=50 0.0156 0.0199  0.0208 0.0211 0.0243  0.0287  0.0955
d=200 0.0148 - 0.0200 0.0209 0.0246  0.0275  0.0895

Table 1: Median estimation errors, according to criterion R(lgq,Pq) with a dimension

q = 2, for non contaminated samples of size n = 200, over 500 Monte Carlo experiments.

or the modified MCM(R+) recursive estimator, behave well and similarly. Note that when
the dimension gets larger, the MCD cannot be used anymore and the MCM is the more
effective robust estimator of the eigenspaces.

When the data are contaminated, the median errors of estimation of the eigenspace
generated by the first two eigenvectors (¢ = 2), according to criterion , are given in
Table . In Figure |3} the distribution of the estimation error R(f’q, P,) is drawn for the
different approaches.

We can make the following remarks. At first note that even when the level of con-
tamination is small (2% and 5%), the performances of classical PCA are strongly affected
by the presence of outlying values in such (large) dimensions. When d = 50, the MCD
algorithm and the MCM estimation provide the best estimations of the original two dimen-
sional eigenspace, whereas when d gets larger (d = n = 200), the MCD estimator can not
be used anymore (by construction) and the MCM estimators, obtained with Weiszfeld’s
and the non negative recursive algorithm, remain the most accurate. We can also remark
that the recursive MCM algorithms, which are designed to deal with very large samples,
performs well even for such moderate sample sizes (see also Figure . The modification
of the descent step suggested in , which corresponds to estimator MCM(R+), permits
to improve the accuracy the initial MCM estimator, specially when the noise level is not
small. The performances of the spherical PCA are slightly less accurate whereas the me-
dian error of the robust PP is always the largest among the robust estimators. When, the
contamination is highly structured temporally and the level of contamination is not small
(contamination by a reverse time Brownian motion, with 6 = 0.20), the behavior of the
MCM is different from the other robust estimators and, with our criterion, it can appear
as less effective. However, one can think that we are in presence of two different popula-
tions with completely different multivariate correlation structure and the MCD completely

ignores that part of the data, which is not necessarily a better behavior.

4.3 Online estimation of the principal components

We now consider an experiment in high dimension, d = 1000, and evaluate the ability
of the recursive algorithms defined in to estimate recursively the eigenvectors of I';,
associated to the largest eigenvalues. Note that due to the high dimension of the data and
limited computation time, we only make comparison of the recursive robust techniques with
the classical PCA. For this we generate growing samples and compute, for each sample size

the approximation error of the different (fast) strategies to the true eigenspace generated

14



t1df t2df inv. B. ¢t1df ¢2df inv. B.

6 Method d =50 d = 200

2% PCA 3.13 1.04 0.698 3.95 1.87 0.731
PP 0.086 0.097 0.090 0.085 0.094 0.084
MCD 0.022 0.021  0.021 - - -
Sph. PCA 0.028 0.029 0.027 0.027 0.030 0.028
MCM (Weiszfeld) 0.021 0.021 0.021 0.021 0.022 0.022
MCM (R+) 0.022 0.022 0.024 0.023 0.023 0.025
MCM (R) 0.026 0.025 0.027 0.026 0.027  0.028

5% PCA 3.82 1.91 0.862 3.96 1.98 0.910
PP 0.090 0.103 0.093 0.089 0.098 0.087
MCD 0.022 0.023  0.021 - - -
Sph. PCA 0.029 0.031 0.033 0.029 0.031 0.034
MCM (Weiszfeld) 0.023 0.023  0.028  0.022 0.023  0.030
MCM (R+) 0.025 0.024 0.035 0.024 0.024 0.039
MCM (R) 0.029 0.027 0.037  0.028 0.028  0.040

10% PCA 3.83 1.96 1.03 3.96 1.99 1.10
PP 0.107 0.108 0.099 0.088 0.101  0.097
MCD 0.023 0.022  0.023 - - -
Sph. PCA 0.033 0.033 0.054 0.031 0.033 0.057
MCM (Weiszfeld) 0.025 0.026 0.059 0.023 0.024 0.056
MCM (R+) 0.030 0.027 0.089 0.027 0.027 0.086
MCM (R) 0.035 0.032 0.088 0.032 0.031 0.086

20% PCA 3.84 2.02 1.19 3.96 2.01 1.25
PP 0.110 0.135 0.138 0.091 0.122 0.137
MCD 0.025 0.026  0.026 - - -
Sph. PCA 0.037 0.038 0.140 0.034 0.037 0.150
MCM (Weiszfeld) 0.030 0.030 0.174  0.026 0.028  0.181
MCM (R+) 0.044 0.036  0.255 0.038 0.032  0.256
MCM (R) 0.050 0.041 0.251  0.042 0.037 0.256

Table 2: Median estimation errors, according to criterion R(lgq,Pq) with a dimension

q = 2, for datasets with a sample size n = 200, over 500 Monte Carlo experiments.
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by the ¢ eigenvectors associated to the g largest eigenvalues of I',.

We have drawn in Figure {4} the evolution of the mean (over 100 replications) ap-
proximation error R(Pq,f’q), for a dimension ¢ = 3, as a function of the sample size
for samples contaminated by a 2 degrees of freedom Student ¢ distribution with a rate
6 = 0.1. An important fact is that the recursive algorithm which approximates recursively
the eigenelements behaves very well and we can see nearly no difference between the spec-
tral decomposition of V, (denoted by MCM in Figure [4)) and the estimates produced with
the sequential algorithm for sample sizes larger than a few hundreds. We can also
note that the error made by the classical PCA is always very high and does not decrease

with the sample size.

4.4 Robust PCA of TV audience

The last example is a high dimension and large sample case. Individual TV audiences are
measured, by the French company Médiamétrie, every minutes for a panel of n = 5422
people over a period of 24 hours, d = 1440 (see (Cardot et al.| (2012) for a more detailed
presentation of the data). With a classical PCA, the first eigenspace represents 24.4% of
the total variability, whereas the second one reproduces 13.5% of the total variance, the
third one 9.64% and the fourth one 6.79%. Thus, more than 54% of the variability of the
data can be captured in a four dimensional space. Taking account of the large dimension
of the data, these values indicate a high temporal correlation.

Because of the large dimension of the data, the Weiszfeld’s algorithm as well as the
other robust PCA techniques can not be used anymore in a reasonable time with a personal
computer. The MCM has been computed thanks to the recursive algorithm given in
in approximately 3 minutes on a laptop in the R language (without any specific C routine).

As seen in Figure [5] the first two eigenvectors obtained by a classical PCA and the
robust PCA based on the MCM are rather different. This is confirmed by the relatively
large distance between the two corresponding eigenspaces, R(]32P cA ]32M oM ) = 0.56. The
first robust eigenvector puts the stress on the time period comprised between 1000 minutes
and 1200 minutes whereas the first non robust eigenvector focuses, with a smaller intensity,
on a larger period of time comprised between 600 and 1200 minutes. The second robust
eigenvector differentiates between people watching TV during the period between 890 and
1050 minutes (negative value of the second principal component) and people watching TV
between minutes 1090 and 1220 (positive value of the second principal component). Rather
surprisingly, the third and fourth eigenvectors of the non robust and robust covariance

matrices look quite similar (see Figure @

5 Proofs

We give in this Section the proofs of Theorems [3.2] [3-3] and 3.5] These proofs rely on

several technical Lemmas whose proofs are given in the Supplementary file.
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5.1 Proof of Theorem [3.2]

Let us recall the Robbins-Monro algorithm, defined recursively by

(Xn—i-l - mn) (Xn—l-l - mn)T - Vn

Vn+1 =V, + Tn T
(Xn+1 - mn) (Xn+1 - mn) F
=V, - 'YnUnJrla
. (Xn n)(Xn n) —Va :
with Uy y1 1= — x n:ﬁ 7::1))( n:11 T:; ) e Since Fy, := 0 (X1, ..., Xp,), we have E [Uy, 41| Fp] =

VG, (Vi). Thus &,41 := Vi, G(Vi) — Uny1, (&) is a sequence of martingale differences
adapted to the filtration (F,,). Indeed, E (41| Fn] = VG, (Vi) — E [Up1|Fn] = 0. The

algorithm can be written as follows

Va1 =Vn — ’YnVGmn (Vn) + Ynént1-

Moreover, it can be considered as a stochastic gradient algorithm because it can be de-

composed as follows:
Vi1 = Vo = (VGm, (Vo) = VG, (Tm)) + Ynnt1 — Yarn, (19)
with 7, := VGm,, (I'm) — VG, (I'y,). Finally, linearizing the gradient,
Vart = Tm = (Isry = mVinG(Tm)) (Vi = D) + Ynént1 = Yarn — T — Yabns  (20)

with

mMn

(5n :=VGm, (V) — VG, Tn) — V%nG (Trn) (Vo =T -

(VQ G(Fm) - V,QnG (Fm)) (Vn - Fm)a

The following lemma gives upper bounds of these remainder terms. Its proof is given

in the Supplementary file.

Lemma 5.1. Under assumptions 1-3(b), we can bound the three remainder terms. First,

16| < 6C |Viy — T |- (21)

In the same way, for alln > 1,

lrallp < 4 (\FCJr Cy/ HFmHF) 172, — [ (22)

Finally, for alln > 1,

il < 12 (c\/ Il +c3/4) 750 — mll Vi = ol (23)
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We deduce from decomposition that for all n > 1,

Vo1 = Tl = Ve = Tl 7 = 29 (Voo = T, VG, (Vi) — VG, (Tn)) o
+ 1 IVGa, (Vi) = VG, (T ||
+ 9 ensallF + 29 (Vo = T = 9 (VG (Vi) = VG, (Tm)) s €nt1)
92 Il = 29 (s Vi = Ton) p = 292 (Pns énst — VG, (Vo) + VG, (D)) o -

Note that for all h € H and V' € S(H) we have ||VG (V)| < 1. Furthermore, ||ry||» < 2
and [|&n41]|p < 2. Using the fact that (&,) is a sequence of martingale differences adapted
to the filtration (F,),

E (Va1 = Tunll3 1] < 1Va = Tonll3 = 29 (Vo = Do, Vi, G (Vi) = Vi, G (D))
+28v2 — 27, (1, Vi, — T o -
Let a,, = n %, with 8 € (1 — a, a), we have
E [ IVats = Donllf 170] < (14 500) IV = Donllf = 29 (Vi = Doy Vi, G (V) = Vi, G (To))
(24)

Moreover, applying Lemma and Theorem 5.1 in |Godichon-Baggioni| (2016), we get

for all positive constant 9,

Inn)'*e
Irallz = O (75 —m|*) = 0 <(n))

Thus, since 2y, (V,, — I'imy, Vi, G (Vi) — Vi, G (I')) p > 0, the Robbins-Siegmund Theo-
rem (see [Duflo| (1997) for instance) ensures that ||V;, — I'y,|| o converges almost surely to a

finite random variable and

> Ve = Ton, Vi, G (Vo) = Vi, G (D)) p < 400 a.s.

n>1

Furthermore, by induction, inequality becomes

E[Vas1 = Twll3] < (H (1 wak)) E[|IVi - Dll}] +28 (H (1 +7k04k:)> >k
k=1 k=1 k=1
(H + e, ) 3 ;4;;5 [irwl3] -
k=1 k=1

Since f < «, applying Theorem 4.2 in (Godichon-Baggioni| (2016) and Lemma 6.1, there is

a positive constant Cjy such that

[e.9]

Z [|WHF} = Coik_a_l_ﬁ < +00.

=1 k=1
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Thus, there is a positive constant M such that for alln > 1, E [HVn - FmH%] < M. Since
My, converges almost surely to m, one can conclude the proof of the almost sure consistency
of V,, with the same arguments as in the proof of Theorem 3.1 in |Cardot et al.| (2013]) and
the convexity properties given in the Section B of the supplementary file.

Finally, the almost sure consistency of V, is obtained by a direct application of
Topelitz’s lemma (see e.g. Lemma 2.2.13 in |Duflo| (1997)).

5.2 Proof of Theorem [3.3

The proof of Theorem [3.3] relies on properties of the p-th moments of V,, for all p > 1
given in the following three Lemmas. These properties enable us, with the application
of Markov’s inequality, to control the probability of the deviations of the Robbins Monro

algorithm from I',.

Lemma 5.2. Under assumptions 1-3(b), for all integer p, there is a positive constant M,
such that for alln > 1,

E [an - FWH?} < Mp'
Lemma 5.3. Under assumptions 1-3(b), there are positive constants Cq,C4, Ca,Cs such

that for alln > 1,

roi—a  C
E[IVa-Twl e+ 200y sup  E[IVi-Tal],
n E(n/2)+1<k<n—1

where E(x) is the integer part of the real number x.

Lemma 5.4. Under assumptions 1-3(b), for all integer p’ > 1, there are a rank ny and

positive constants Cy p, Co pyr, C3 4y, ¢y such that for all n > ny,

Gy P
n?)a

Coy
+ 32 [|[Va — T3] +

_l-a
E | IVass = Cullf] < (1= pran™ 7 ) E [IVa = Dulp] +

We can now prove Theorem [3.3]

Let us choose an integer p’ such that p’ > 3/2. Thus, 2 + a — 31;,0‘ > 3a, and

applying Lemma , there are positive constants C' ,/, Ca ¢,y and a rank n,, such that

for all n > nyy,

_l-a C ’ C ’
E Vst = Tallp] < (1= epvan™ 7 ) E [IVa = Tullf] + 252 + 52 [[IVa — Tul7] -
(25)
Let us now choose 8 € («, 2«) and p’ such that p’ > 2107—045' Note that 3a— 8 > a+ 1;,0‘.

One can check that there is a rank n;, > nyy such that for all n > n;),,

/ —« 1 ].
1)2Ce Cin' ™" 4 -y og2ftl <
(n+ ) le + 2 + 3 (n+ ]_)B_O‘ — 9
Sy (n 1) Crp + Cop
(1 —CpYan P ) ( - ) 2 QW <1
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With the help of a strong induction, we are going to prove the announced results, that
is to say that there are positive constants C,/,Cg such that 2C)y > Cg > C)y > 1 and
Cy > 20+l (with Cy defined in Lemma , such that for all n > 1,

C.
E [HVR _FmH%} < nI;?

C
E IV - Tl ] < 5.

First, let us choose Cjy and Cg such that

Cp > max {k:o‘}E [HVk - Fm”%‘] } ;

k<n’,
p
4
V”;' _FmHF '

Cg > max {kﬁE U

kgn;,

Thus, for all k < n;,,

C,
2
E [V ~ Tmll}] < 22
C
4
E[IVi —Tmll}] < 25
We suppose from now that n > n;,, and that previous inequalities are verified for all
k <n —1. Applying Lemma [5.2] and by induction,
ro1-a  C
E([Vas1 ~Tuli] <Cle®@ ™+ 2005 s {E[IVi-Tul}]}
n E((n+1)/2)+1<k<n
ro1i—a  C C
< Cpe GintT 4 % +C3 sup {g}
n E((n+1)/2)+1<k<n LK
rpi—a  C C
< Crem Gt g 2 0280
n

Since 2C),y > Cg > Cyy > 1 and since Cyy > 20+1(C,, factorizing by (niipl’)m

B QCp/
B

1 1l—« P ].
E[an—‘rl_rm’@? < CpCre”Gm ™" 4 0p27 1n—a+032

C! /1o n @ Cyy 0326+1 Cy
< p 1 aC 70111 270& p p
S g patHUGETE <n+1> 2+ D7t (nt )P (nt 1)
C/ 1, 1l—a 1 C / 1 C/
<__P 1)%e—C17 TP L .98t P
S et e Tt T iy et 1)e
/ —a 1 1 C/
< nec —Cin! Z 4 0,981 P
—((’” )7Cre Tt L) 1o
By definition of n;,,,
C,
E[IVass = Dul}] < —2—. 26
” n+1 mHF = (n+1)a ( )
In the same way, applying Lemma and by induction,
_l-a C ’ C /
E Va1 = Tollf] < (1= epmn™ 7 ) E Vo = Tllfe] + 52 + Z2ZE Ve = Tl ]

71704) % CLp/ C2,p’ %

<|(1—=cyyn 7 .
= ( P n nf = pie  pla pa
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Since Cg > C)y > 1, factorizing by

(n+1)
C C
E ”Vn-i-l - Fm”%«“} < (1 _Cp"Yn ) nig Clp +02p) 36
n+ aC’l p T+ Cgp/ Cﬂ
< _ , ). ).
< (1= cymn ) ( ) DR S it 1)

(n+1)32=8 ) (n+1)8

< <<1 - Cp"Yn

(n—l—l) 4 9da 30 Clp +C’27p/> Cs

By definition of nj,,
Cs

CESIE (27)

E (Vi1 — Tll§] <

which concludes the induction and the proof.

5.3 Proof of Theorem [3.5]

In order to prove Theorem we first recall the following Lemma.

Lemma 5.5 (Godichon-Baggioni| (2016))). Let Y1, ..., Y, be random variables taking values
in a normed vector space such that for all positive constant q and for all k > 1, E[||Yx]|?] <

0o. Then, for all real numbers ay, ..., a, and for all integer p, we have

S avi|| | < (Z g aE[nYknp])i) (28)
k=1

k=1
We can now prove Theorem Let us rewrite decomposition ([34]) as follows

T, T,
V2.G () (Vi —T) = =2 — 22 e — v — ) — B, (29)

n n

with T), := V,,—T';,. As in Pelletier (2000), we sum these equalities, apply Abel’s transform
and divide by n to get

n n

V2.G (T) (Vo — T = 1<% LLESRN S () ILEDILE r;ﬁkaﬂ).
k=1

Tn+1 P Ye o Vk—1 1 1

We now bound the quadratic mean of each term at the right-hand side of previous equality.

2
First, we have nl E U ] = 0( ) Applying Theorem

F
2 1 0/0;2 1
< — =o|—]).
s n? n-o n

Moreover, since |7y, - 'yk__ll‘ < 2acy 1ga=1 the application of Lemma and Theorem

Y1

Tn+ 1
Tn

IE

n2
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gives

2 A 2
_ -1 2
< ﬁ ( |’Yk T 7/.3_1} E [HTkHF})
k=2

n

2
1 2 =2 1
ﬁlla C'Y C (Z kl—a/2>

k=2
1
=0(a)

since a < 1. In the same way, since ||| < 6C || T, ||%, applying Lemma and Theo-
rem [3.3 with 8 > 1,

IN

n 2 n 2
SE S s;(Z\/E[H@H%})
k=1 F k=1
3602 [ <& ?
<= (Z\/E [uTkn‘;])
k=1
2

3602Cs [ 1
= n2 (Zkﬁ/2>

k=1

Moreover, let D := 12 (\FC’—I— C HFmHF) Since ||ry||p < D ||, —m||, and since there

is a positive constant C” such that for alln > 1, E [||mn - m||2] < C'"n1,

= (;N/E [\|m|r%}>2
e (kg JE [ —muﬂ)

o)

Since |||z < Co|[fin — m|| |Vi — Timll% with Cp := 12 (C ||Fm||F+C3/4), Cauchy-

2

IN

IN
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Schwarz’s inequality and Lemma give
n 2
< (Z JE [uru%})
<% <Z¢ 7~ il V2 - mHF})
c3 ) Y
Sn@ (E [l = ml*))* (B |IVa = Twl7)) ) -

Applying Theorem 4.2 in |Godichon-Baggioni (2016) and Theorem 3.3,

COfr(Z 1 )2

kB/4+1/2
1
=0 <n1+,8/2>
()
=0 — s
n

since § > 0. Finally, one can easily check that E [anﬂ“ﬂ < 1, and since (&,) is a

n

2
>
F

k=1

1
—E

n2

N

n 2

/
T’I'L

k=1

1
—SE
n2

F

sequence of martingale differences adapted to the filtration (F,),

- (ZE[IIEWIIQ] 223 Y Ellgn. ma)

. k=1k'=k+1
:]_2< E ||§k+1||F]+QZ Z ]E|:<§k+17 |:£k’+1‘fk‘/:|> i|>
k=1k'=k+1
= 5 > B[]
k=1
1
n

Thus, there is a positive constant K such that for all n > 1,

B (12,6 ) (Vo ~ T[] <

Let Amin be the smallest eigenvalue of V2 G (T';,). We have, with Proposition B.1 in the

supplementary file, that Anijn > 0 and the announced result is proven,

E (|7~ Tall}] < 57—

mlnn.
6 Concluding remarks

The simulation study and the illustration on real data indicate that performing robust

principal components analysis via the median covariation matrix, which can bring new
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information compared to classical PCA, is an interesting alternative to more classical robust
principal components analysis techniques. The use of recursive algorithms permits to
perform robust PCA on very large datasets, in which outlying observations may be hard
to detect. Another interest of the use of such sequential algorithms is that estimation of the
median covariation matrix as well as the principal components can be performed online
with automatic update at each new observation and without being obliged to store all
the data in memory. A simple modification of the averaged stochastic gradient algorithm
is proposed that ensures non negativeness of the estimated covariation matrices. This
modified algorithms has better performances on our simulated data.

A deeper study of the asymptotic behaviour of the recursive algorithms would certainly
deserve further investigations. Proving the asymptotic normality and obtaining the limiting
variance of the sequence of estimators V,, when m is unknown would be of great interest.
This is a challenging issue that is beyond the scope of the paper and would require to
study the joint weak convergence of the two simultaneous recursive averaged estimators of
m and I'y,.

The use of the MCM could be interesting to robustify the estimation in many different
statistical models, particularly with functional data. For example, it could be employed
as an alternative to robust functional projection pursuit in robust functional time series
prediction or for robust estimation in functional linear regression, with the introduction of

the median cross-covariation matrix.

Acknowledgements. We thank the company Médiamétrie for allowing us to illustrate
our methodologies with their data. We also thank Dr. Peggy Cénac for a careful reading
of the proofs.

A Estimating the median covariation matrix with Weiszfeld’s

algorithm

Suppose we have a fixed size sample X1,...,X,, and we want to estimate the geometric
median.
The iterative Weiszfeld’s algorithm relies on the fact that the solution m; of the fol-

lowing optimization problem
n
min X; —
iy 1% =l
satisfies, when m; # X;, foralli=1,...,n
n
my = w;(m}) X;
i=1

where the weights w;(x) are defined by
1 — ]~

- .

~1
>l |
j=1

wi(z) =
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Weiszfeld’s algorithm is based on the following iterative scheme. Consider first a pilot

estimator m(?) of m. At step (e), a new approximation ﬁ”L?(fH) to m is given by
n
A = 3w, <m§f)) X;. (30)
i=1

The iterative procedure is stopped when HT?LSH) — ﬁ%(f)

< ¢, for some precision € known
in advance. The final value of the algorithm is denoted by m,,.

The estimator of the MCM is computed similarly. Suppose ['© has been calculated at
step (e), then at step (e + 1), the new approximation [+ to T, is defined by

ple+1) — zn: e <f(e>) (Xi — i) (X — )T (31)
=1

The procedure is stopped when Hf(e‘H) — f(e)‘ - < ¢, for some precision ¢ fixed in advance.

Note that by construction, this algorithm leads to an estimated median covariation

matrix that is always non negative.

B Convexity results

In this section, we first give and recall some convexity properties of functional Gj. The

following one gives some information on the spectrum of the Hessian of G.

Proposition B.1. Under assumptions 1-3(b), for allh € H and V € S(H), S(H) admits
an orthonormal basis composed of eigenvectors of V3G (V). Let us denote by {\n,v;,i € N}
the set of eigenvalues of V2G(V'). For alli € N,

0< Ay <C.
Moreover, there is a positive constant c,, such that for all i € N,
0<eym < )\m,Fm,i <C.

Finally, by continuity, there are positive constants €, €' such that for all h € B (m,¢€) and

V e B(Ty,€), and for alli € N,
1
o5 Cm <My <C.

The proof is very similar to the one in (Cardot et al.| (2013) and consequently it is not
given here. Furthermore, as in |Cardot et al.| (2016), it ensures the local strong convexity

as shown in the following corollary.

Corollary B.2. Under assumptions 1-3(b), for all positive constant A, there is a positive
constant ¢4 such that for all V € B(T'y,, A) and h € B (m,e),

(ViG(V) = ViG(Tw), V =Ty > ca |V =Tl %
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Finally, the following lemma gives an upper bound on the remainder term in the Taylor’s

expansion of the gradient.

Lemma B.3. Under assumptions 1-3(b), for all h € H and V € S(H),
IVG(V) = Vi (Tm) = V3G (Ton) (V = T || p < 6C [V = T2 (32)

Proof of Lemma[B.3. Let v, := VGL(V) — VG, (L) — VG (Th) (V — T'y), since
VGL(V) — VG (L) = [} V3G (T +1(V —Ty)) (V = Ty dt, we have

1
16vally = H [ TR+ £V = D) (V= Tt = V3G (D) (V = D)

F

< /1 IV2G (T + £ (V — T)) (V= Tn) — V3G (Tyn) (V — T .
0

As in the proof of Lemma 5.1 in [Cardot et al. (2016), under assumptions 1-3(b), one can
check that for all h € H, and t € [0, 1],

[VAG (T + £ (V = Tn)) (V = Tim) = VAG () (V = L) || p < 6C |V =T,

which concludes the proof. O

C Decompositions of the Robbins-Monro algorithm and proof

of Lemma 5.1

Let us recall that the Robbins-Monro algorithm is defined recursively by

(Xn—l-l - mn) (Xn—l-l - mn)T - Vn

Vi1 = Vo + T
(Xn+1 - mn) (Xn+1 - mn) - Vn F
=V, - ’VnUnJrla
_ __\T
with U,11 = K1 =) (Xne1 =) =V | ot yg remark that ént1 := Vm, G(V,,) —

N ||(Xn+1_mn)(Xn+l_mn)T_Vn||F
Un+t1, (&) is a sequence of martingale differences adapted to the filtration (F,) and the

algorithm can be written as follows

VnJrl =V, - Tn (VGmn (Vn) - VGmn (Fm)) + 7n€n+1 — YnTn, (33)

with r, := VG, (T'n) — VG (T'y,). Finally, let is consider the following linearization of
the gradient,

Vag1 —T'm = (IS(H) - ’an%qG(Fm)) (Vn =) + Ynént1 — YnTn — 7n7'; — YnOn, (34)
with
vl = (VG (Tm) = Vo,G (Tn)) (Vi — i)

On = VG, (Vo) = VG, (T) = Vi G (T) (Voo = Ti)
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Proof of Lemma 5.1. The bound of ||d,|| is a corollary of Lemma
Bounding ||, ||

Let us recall that for all h € H, Y (h) := (X —h) (X —h)". We now define for all
h € H the random function ¢y, : [0,1] — S(H) defined for all ¢ € [0, 1] by

Y(m+th)-Ty,
t) = .
00 = 57+ ) — Tl

Note that r, = E [gpmn,m(O) — O, —m(1)

fn} . Thus, by dominated convergence,

[7nllp < sup E [lemnfm(t)HF ‘7:"} :
te(0,1]

Moreover, one can check that for all h € H,

h(X —m —th)" (X —m —th)hT
Y (mth) = Tully 1Y (m+th) —Tollp

Y(m+th) —T,
F Y (m + th) = Ty
Y(m+th)—Tp,
Y (m +th) — Tp%

on(t) =

+ <Y(m +th) — T, h (X —m — th)T>

+ (Y(m+th) =T, (X —m—th)h"), i

We now bound each term on the right-hand side of previous equality. First, applying
R | = (IR IR,

Cauchy-Schwarz’s inequality and using the fact that for all h, h' € H, !

Hh(X —m— th)THF

<Hh\E[ | X —m — thl]] }
[Y(m +th) = Tpllp | — 1Y (m +th) — Tl p
N |Y(m +th) — Tnllp
<|n|(E VTl +E = .
1Y (m + th) — Tl g VIIY (m+th) — Tl

Thus, since E [ <,

I
IIY(m+th)—FmHF]

—m = T
‘|‘|};((ii ry _ﬂ;)m|‘|‘§ < Al (C\/m—l- \/5> . (35)

In the same way,

| (X —m —th)hT||,
e T L CYLMISA R (36)

30



Applying Cauchy-Schwarz’s inequality,

E

T
1Y G+ 1)~ Tl ] [ = m =]
FUIY (m+th) =Twlp| — [ 1Y (m+th) =Tnllp

KY(m 4 th) — Do, b (X —m — th)T>

X —m—th
gwm{ | ”]

1Y (m +th) = Tl

Y (m + th)|
< [|hl[E =1

1Y (m +th) = Tl p

Thus, since E [ ] < C, and since for all positive constants a, b, vVa+b < /a+ Vb,

I S
Y (m+th)—T'm |l g

Y /T,
|Y (m +th) — Tpllp [Y(m+th) —Tpllp VIIY (m+th) — Tl g
< ||A|| <C\/Hrm||p + @) .
Finally,
IY (m + th) — Tyl | ( )
E | [{Y(m+th) —Tp, h (X —m — th)T < ||| { C+/|ITomll = + VC ),
(¥ (m+th) — T el i o | < PH(CVITal

(37)

8 - 1h) = oy (X = m = o) 1) IECEEI= 2l | < (il +VE )

E 3
1Y (m +th) = Tim||7 |

(38)

Applying inequalities (35)) to with h = m, — m, the announced result is proven,

Hmh<4@@+0|mwgmm—mw
Bounding |||

For all h € H and V € S(H), we define the random function ¢p,y : [0,1] — S(H)
such that for all ¢ € [0, 1],

()= 1 1 ( oy — Lt th) = L) @ (V(m 4 th) — rm)> W),

m+ th) — Tpl g Y (m + th) — T[>

Note that v}, = E [(pmn_myn_pm(l) — i —m,Vi—T'm (0)‘.7—}} . By dominated convergence,

allr < Jup B | [EA————c1 8

]-'n] .

Ir

Moreover, as for the bound of ||7,]|, one can check, with an application of Cauchy-Schwarz’s
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inequality, that for all h € H, V € S(H), and t € [0, 1],
, ¥ (m 4 th) — Dol [ A7 (X —
‘Ph,V(t) <6 v 3
1Y (m + th) — Tl
6HY(m+th) — Dol ||R(X = m —th)T|| |
Y (m + th) = T3
hMX —m —th)T
1Y (m +th) — Ll

Dle )

(Y(m +th) = Tm) ©r (Y(m +th) = Tn) (V)| p

I

Finally,
I —m =)l | | MR —m—thl
[Y(m+th) —Tul% " 7] = [V (m+th)—Tpllz " "
VTl
milF
R IV~ E 1
+ |2V g HY(m—&-th)—FmHiw/Q

< (c\/nrmuF n 03/4) IRV (39)

Then the announced result follows from an application of inequality with h =m, —m
and V=V, — T,

i) < 12 (0\/ T +c3/4) 750 — ]l Vi = Dol

D Proofs of Lemma 5.2, 5.3 and 5.4

Proof of Lemma 5.2. Using decomposition ,

IVatr = Dol = Ve = Tonll % = 230 (Vi = Don, VG, (Vi) = VG, (D))

+ % VG, (Vi) = VG, (Tn) [

+ % [€n 1l + 29 (Vo = T = (VG (Vo) = VG (D)) €n1) g

+ % 7allE = 27 (rn, Voo = Ti) p = 298 (s €t = VG, (Vo) + VG, (T)) p -
Note that for all h € H and V' € S(H) we have |[VGL(V)|| < 1. Moreover, |7, || < 2 and

lén+1]l < 2. Since for all h € H, G}, is a convex function, we get with Cauchy-Schwarz’s

inequality,

Vi1 — Pm”% a<||Vn— Fm”% + 36%% + 290 {&nt1, Vo — I‘m>F — 2 (0, Voo — I‘m>F-
(40)

Let C' :=4 <\@+ C’\/HFmHF>, let us recall that ||r, | < C'|m, —m||. We now prove
by induction that for all integer p > 1, there is a positive constant M,, such that for all
n>1E ||V - Tull?] < M,
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The case p = 1 has been studied in the proof of Theorem 3.2. Let p > 2 and suppose
from now that for all £ < p — 1, there is a positive constant M} such that for all n > 1,

E [||Vn _ Fm||§’“] < M,

Bounding E |||V,, — FmHif7 .
Let us apply inequality (40]), for all p > 2 and use the fact that (&,) is a sequence of
martingales differences adapted to the filtration (F,),

p
E[Vas1 = Tl F] < E[(IVa = Tl + 3692 + 23 Il Ve = Tl )|

p
D p—k
2 (k)E [(2% (Vo = Cons &) ) (IVir = Tl + 3672 + 23 Il Ve = Dol ) ] -
k=2

(41)
Let us denote by (x) the second term on the right-hand side of inequality (41)). Applying
Cauchy-Schwarz’s inequality and since || 41| < 2,

D p—k

p ok

k=2
P

k=2

With the help of Lemma [E1]

p
22k3p—k—1,)/fLE [HVn o an%f)fk} + Z 22k3p—k—136p—k,ygp—kE |:||Vn o Fm”ﬁ?}
k=2

(¥) <

+

M= 10

2 kgLt [ |5 Ve = T

T

2

Applying Cauchy-Schwarz’s inequality,

p p
> PR ||V~ Tl = 30 2R IV~ D5 IV~ Tl
k=2

k=2
p
< 32tk B (11— T3] B 195~ T 271,
k=2

By induction,

p p
> 2% E kR ||V, = D[] < 7 228k M, M
k=2

k=2
0] (77%) . (42)
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In the same way, applying Cauchy-Schwarz’s inequality and by induction,

p
Z22k3p E136 520 RE [V~ Tl = D 2%87747186" 5920 FE [|Viy = T Ve — T

k=2 k=2
p
< N 9%kaphTlgerhaZrmk /g /Myt
k=2
=0 (), (43)

since p > 2. Similarly, since |r,||; < 2 and since p > 2, applying Cauchy-Schwarz’s

inequality and by induction,

p p
D28 R [l IV~ Dl < D7 22875 52E [ Va = 7]
k=2 k=2
p
<23 My /My
k=2

Finally, applying inequalities to , there is a positive constant A} such that for all
n>1,

p

k 2 2 p—k
Z (29 (Vn Fm7§n+1>F) ||Vn_Fm”F+36'7n+2'Yn”7“n||F||Vn_Fm”F
k=

(45)
We now denote by (#x) the first term at the right-hand side of inequality . With the
help of Lemma and applying Cauchy-Schwarz’s inequality,

(#) <E [|Va = Tunll7?] +Z< ) (3692 + 29 (s Va = Do) ) Ve = D322

p
=1
p

mll7

< A2

k
<E[IVa = ] + 3 (1) 2R (36542 + 2298 Il IV — Tl ) 1V — 2.
k

=1

Moreover, let

(k% %) 1=

p - 2p—2k
(F)24 8 [ (3642 + 29k Il 1 = ol Ve = Tl

M= 1=

e
Il
—

k=1

By induction,

NE

(1;:)2’“136'“ 2 [||Vs, — Dl 2] >2k136k7§kMpk

)-

i
I

>
O

§w/'\
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Moreover,

p

p
> (B) 241k [Irall 1V =l = 3 ()28 [l IV — Tl

=1 k=2
+ 299E | Irallp Ve = T3]

Applying Cauchy-Schwarz’s inequality and by induction, since ||ry||» < 2,

p p
3 (Z)z%—lm-z [ralle 1V~ D27 < 37 @2% YAE [V, — D27

k=2 k=2

P
D _
< kZ? (k:) 2% 1’72 \/Mp+1—k\/Mp—1

=0 ()

Moreover, applying Theorem 4.2 in |Godichon-Baggioni| (2016) and Holder’s inequality,

since ||rp|lp < C |[m, —m||,

209E [l Vo = Tl | < 2C 0B [l = m| Voo = Tl 32

<20 (2 1 1)) (8 1 ~rali])

1
2p 2p—1

K 9 2
<2t (B [V~ Tull}]) ™

Finally,

1 1

Kp? o]\ o Kp? 2
/ D /
20D (E[IVa =Tl F]) ¥ < 2Cpn-fz max {LE [|IVa — Tl }

1

2p

K 2
< 20t (1+E IV - Tl #]).

Thus, there are positive constants Afj, A such that

1 9 1
(**) < <1+Agna+1/2>E |:||Vn_Fm||FI‘):| +A/1/W (46)

Finally, thanks to inequalities and , there are positive constants Af, A} such
that

2 1 2 1
E [an—l-l —FmH}«?} < <1+A6na+1/2 E [HVTZ_FmHF]‘)] +A/1W

, 1

k=1 j=k+1
o0

Al :

< M,,

which concludes the induction and the proof.

35

T (1+ g ) B[ - Talif] + 32 TT (1 A5z ) 4
( +A0k +1/2>E{”V1_Fm”%]+n<l+l4/ +1/2>ZA/1;{;a+1/2

Lpat1/2

1



Proof of Lemma 5.3. Let us define the following linear operators:

Qp = IS(H) - ’VHVEnG(Fm),

n

By = H o = H (Isimy — WV G(Tm))
k=1

k=1

Bo == Ism)-

Using decomposition (34]) and by induction, for all n > 1,

Vn - Fm = 671—1 (‘/1 - Fm) + Bn—an - /Bn—an - Bn—lR;L - Bn—lA’m (47)
with

n—1 n—1

My = By ks, Ro:=Y_ Wy 'r,
k=1 k=1
n—1 n—1

Ry = By An =) By o
k=1 k=1

We now study the asymptotic behavior of the linear operators 3, and 8,18, l Asin
Cardot et al.[(2013), one can check that there are positive constants cg, ¢; such that for all
integers k,n > 1 with k <n — 1,

< cre Amin 2=k i , (48)

1Bty < coe™Hmin Zkzt Y [Bn-18:1,,, <

where ||.||op is the usual spectral norm for linear operators. We now bound the quadratic

mean of each term in decomposition (47)).

Step 1: the quasi deterministic term 5,_1(V; —T'),).
Applying inequality , there is a positive constant ¢ such that

E [I8a-1 (i = T)ll}-] < 180113 E [IVi = T
< cge™ e D [|[Vi = 7]
< ce™" B [|Vi = T} (49)
This term converges exponentially fast to 0.

Step 2: the martingale term 3,1 M,,.

Since (&) is a sequence of martingale differences adapted to the filtration (F,),

n—1 n-—1

E [Hﬂn—anH%] =) E :Hﬁn—ﬁ[l%{kﬂ\}?: +2) 0 Y wewE [{Ba18y, b1y Ba1B Swr1) )

i
L

e k=1 K/ —kt1
n—1 _ 1 s
:ZE H,Bn—lﬁk_lfykgk‘i’l‘}i‘ +22 Z Ve E [<Bn—1/8k_1€k+175n—1/8k_/11€[fk/—i—l’]:k/DF}
| : k=1 k' —k+1
n—1 _ b
=S E|||Bu1B i |||
k=1 _
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Moreover, as in (Cardot et al.| (2016), Lemma ensures that there is a positive constant

C1 such that for all n > 1,
G

E [I18n-1Mal?] < (50)

Step 3: the first remainder term 3, _1R,.
Remarking that [|r, || » < 4 (@+ C |yrm||F) 7 — ],

n—1 2
E [llﬂn_anH%] <E (kzl e )| Br=185 | op Hrknp)
2 n—1 2
<16(VO+ /Il ) B (Zw 1BusB7, 17— m||>
k=1

Applying Lemma 4.3 and Theorem 4.2 in |Godichon-Baggioni (2016)),

2 /n—1
E 1801 Rall3| <16 (@+ c\/urmnF) (Z i [|8n 185, \/E 1725 m\ﬂ)
2
<16 <\F0+0,/Hrm\|F> K, (Zwuﬁn 185l op km) .

Applying inequality ,

2

n—1 2
E [Hﬁn_anHﬂ <16 (@Jr C\/ﬁ)2 K <kzl e~ ik i k11/2>

n 2
<16 (\@Jr O\/Fm>2K1 (Z pe Sk kbg) .
k=1

Splitting the sum into two parts and applying Lemma we have

E(n/2) 2

2
E[Hﬁn_anHH < 32 <\FC+C yrm||F> K Z e Sk i 11/2

n

2
s o001
+ 32 (\FC+C\/|Fm||F> K > e ijmkm

k=E(n/2)+1
1
B O <> ‘
n

Thus, there is a positive constant C} such that for all n > 1,

!/

C
E[I8n1Ball}] < =2. (51)

Step 4: the second remainder term (3, 1 R),.

Let us recall that for all n > 1, ||r,||z < 12D |my, —m| ||V;, — Tyl with D :=
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C/|Tmllp + C3/% Thus,

n—1 2
B[R] < (Zw Bssil, HrzHF)

k=1

n—1 2
< 144D°E (Z Wi N Br=185 | o |08 — | [ Vi — Fm|F>
k=1

Applying Lemma 4.3 in |Godichon-Baggioni (2016)),

n—1 2
E ([0 Ry }] < 14402 (Z 085 (18— P 1V - rmu%}) -

k=1

Thanks to Lemma 5.2, there is a positive constant My such that foralln > 1, E [HVn Ty Hﬂ < Mos.
Thus, applying Cauchy-Schwarz’s inequality and Theorem 4.2 in|Godichon-Baggioni (2016)),

n—1

) 1 2
E (|81 R3] < 14402 (Z e (18185, (B [l = ml*] ) * (B [1Vi - rmn%])“)

k=1
n—1 1 2
< 144D*\/My K, (Zw 180165 km) '
k=1

As in step 3, splitting the sum into two parts, one can check that there is a positive constant

C{ such that for all n > 1,

B[] < & (52

Step 5: the third remainder term: (5, 14,
Since |0, || < 6C ||V, — FmH%, applying Lemma 4.3 in |Godichon-Baggioni (2016,

n—1 2
E[I80-180l3] <E (; e[| B155 HakHF>

n—1 2
< 36C°E (Z Ve Hﬁnflﬁkleop Vi — Fm”%)
k=1

n—1 2
< 36C2 (Z W || 818, \/]E [HVk - Fm”é}?]) :
k=1

Thanks to Lemma 5.2, there is a positive constant My such that foralln > 1, E [HVn —-I'y Hﬂ < Ms.
Thus, splitting the sum into two parts and applying inequalities and Lemma there
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are positive constant ¢, C4 such that for all n > 1,

E(n/2 2

)
E [Hﬁn_lAnHﬂ <7202ME | S e Sime
k=1

+ 7202 sup {]E [HVk - Fm”%] } > me 2=k s
E(n/2)+1<k<n—1 k=E(n/2)+1

< s P {E [Hvk _ rmuﬂ } ) (a?cénl*“) .

Thus, there is a positive constant C{j such that for all n > 1,
_ 9. ml—a
E|IBn-18nllf] < Coe ™ 405 sup  {E|IVe-Twl?]}.  (3)
E(n/2)+1<k<n—1

Conclusion:

Applying Lemma and decomposition , forall n > 1,
E|IVa = Tl:] < 5E [18a-1 (Vi = Do) 3] + 5B [ 1Ba-1 M3 ] + 5E [[180-1 Rul]
2
+ 58 [[|Bna By [3] + 5B [180 140113

Applying inequalities (49)) to (53), there are positive constants C1, C7, Ca, Cs such that for
alln > 1,
Cy

240 s E[|Vi- Dl
n E(n/2)+1<k<n—1

1—

E [||vn _ rm||2] < CpeCin
0

Proof of Lemma 5.4. Let us define W,, := V,, — 'y, — v, (VGm,, (Vi) — VG, (I'y,)) and
use decomposition ,

Vi1 — Fm“%‘ = ||Wn||§7 + '77% ||£n+1H§? + 7721 HrnH% + 290 (g1, Va — 1—‘m>F + 2’)’721 (€nt1, VGmn(Vn»F
- 272 <""m VGﬁn(Vn) - VG, (Fm)>F =2 <”"m Vi — Fm>F .

Since [|€nt1llp < 2, |Irnllp < 2 and the fact that for all h € H, V € S(H), V,G(V) < 1,

we get with an application of Cauchy-Schwarz’s inequality
IWVass = Dl < IWall2 + 290 (€nst, Vi = Do) o + 230 7l [V = Dol o + 2072

Thus, since (&) is a sequence of martingale differences adapted to the filtration (F,), and
since ||[W,||% < (1+C2%) Vi - T, ||% (this inequality follows from Proposition and
from the fact that for all h € H, G}, is a convex application),

E[IVas1 = Colle] <E [IWallt] + 200E [Irall IWall3 Vi = Tonl ]
+40 (14 C?2) 32E [V = T3]
+ 492E [(€n41, Vo — )| + 4009 + 4033E [lrll - Ve = Dol

+ 492 | [rall Ve = Tl -
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Since [[€n+1]|p < 2 and ||, || < 2, applying Cauchy-Schwarz’s inequality, there are positive
constants C7, C such that for all n > 1,

o Gy

E [ IVat1 = Collf] < E[IWall]|+25aE [Irall IWall7 Ve = Dol + E[IIVa = Tl ]

(54)
We now bound the two first terms at the right-hand side of inequality .
Step 1: bounding E [HW HH
Since VG, (Vi) =V G, (') fo VZ G (L +t (Vi — L)) (Vo — T'h) dt, applying Propo-
sition one can check that
IWall® = Ve = Tl = 23 (Vi = Do VG, (Vo) = VG, (Ton)) gy + 7 VG, (Vi) = VG, (Do)l
< (1 + 027721) Ve — FMH% =270 (Vo = ', VG, (Vo) = VG, (T'm)) -
Since for all h € H, G}, is a convex application, ||W,|% < (1+ 0202) Vi, = Tpl|%. Let p/

be a positive integer. We now introduce the sequence of events (An,p )n N defined for all
n > 1 by

Ay ={weQ Vo) ~Tulp<n?, and @) -m|<ch,  (55)

with e defined in Proposition For the sake of simplicity, we consider that ¢ defined in
Proposition verifies € < 1. Applying Proposition let

I
»a\

icm Vi — mHF 1{HVn—FmIIF§e’}1An,p" (56)
In the same way, since G, is convex, let

B, (VGm,(Va) = VG, (Tn), Vo = Tm) p 1An,p’1{|an—Fm||F>e'}

(V
/ (Ve (T +t(Vy — Fm))(Vn—Fm),Vn—Fm>l{an_Fm”FX,}lAn’p,dt

TVa—TmlF rmnF 2
> i (Vi T+t (Vi = Tn)) (Vi = Ton) s Vo = Do) Ty p sy 14,0t

Applying Proposition [B.I]

/

TVa—Tmlr 1 2
B;LZ/O Som IV = Tl gy p ooy T,

€em

> —— " _ WV, — 2 1 1 /
= 2[Ve — Tl | Lolle v oo p>e} L4,

ECm 7;

2
2 HV mHF 1{||Vn7FmHF>€/}1An,p/' (57)

v

40



ecm . —

on p < %cm. Thus, applying

There is a rank n;, such that for all n > n;,, we have

inequalities and , for all n > n,,
éc _l-a
Wl 14,,, < (1= S22 7 ) 1V = Dol 14,

Thus, there are a positive constant ¢,y and a rank n, such that for all n > n,,

€c _l-o 2
E[IWall} 14, ] < (1 o ) E|IVa = Twllf 14, ]
_1l-a
< (1= 2™ ) E[IIVa - Tllf] (58)

|- Since [Wal} < (1+ EC?) Vo = Tl

and since there is a positive constant ¢g such that for all n > 1,

Now, we must get an upper bound for E [HWnH% 1ac
n,p

/

n
Vi =Tmllp < Vi =Tmallp + Z’Ykz < COnlia
k=1

we have

2
E[IWalhLae ] < (1+EC)E[|Va~ Tl 14 ]

<(1+ C,%CZ)Q cgnt~1ep [Afl’p,]
1-ao
< (14+EC?)% cintte (1@ [ — m| > e + P [||Vn —Tpllp =07 D .
Applying Markov’s inequality, Theorem 4.2 in (Godichon-Baggioni (2016) and Lemma 5.2,

B[l —m|®"]  E[Va - Tl}]
+

E ||| Wy|5 1Afhp,} <(1+ 0302)2 cgnt—e

ez’ 205"
K /1 7 _ _ 11—«
< 07 (14 O et 1 (14 %Y et
Taking p” > 4 — « and ¢ > p’2(41__°;),
4 1
E [HWTLHF 1A;’p/] =0 ﬁ . (59)

Thus, applying inequalities and , there are positive constants ¢y, C; 7 and a rank

n, such that for all n > n,y,
Crp

n3a )

E[IWallf] < (1= 26050 7 ) E [IVa — Tmllf] + (60)

Step 2: bounding 2+v,E [HrnHF [Woul|% | Vi — Fm||F}.
Since ||[W,||5 < (14+e2C?) |V, - )%, applying Lemma let
Do = 290E [ Irall o IWall 1V = Tl ]

<2 (14 EC) 3 [lrall o Ve = Tl

2 2 l1-a 1 _l=a
< = (14 un 7 Elrallf Ve = Tullf] + 5ep9n ™ 7 E [[[Va = Tl 7]
p/
2 4 3l=e 4 -1 4
< 5 (14 &) 30’ T E [rall ] + eyvan” 7 E [ IV T3]
p/
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Since ||rp|lz < (\/5#- C HFmHF> |mn, — m|| > and applying Theorem 4.2 in |Godichon-
Baggioni (2016),

2 4 4 l-a o _la
Do < 5 (1+6C%) (\fC+c\/Hrm||F> Y’ 7 E |75 = ml|'] + eyyan” 7 E ||[Va — Tl
p/
2 2 ~2\4 \/’ 4 3l=a 1 _l-a A
< K (140" (VO + Cy/ITnllp ) 2un® 7 5+ un™ 7 E [V = Dol
p

_l-a 1

Step 3: Conclusion.

Applying inequalities , and , there are a rank m, and positive constants
¢y, C1pr, Copy, U3y such that for all n > n,y,

1—a

- Cip  Copy
E[[Vass ~ Tullt] < (1= epmn™ 7 ) E [V — Toll4] + 52+ =22

2B Ve~ Tl 5 s
n3a n2o n m n -3

O

E Some technical inequalities

First, the following lemma recalls some well-known inequalities.

Lemma E.1. Let a,b, c be positive constants. Then,
a® 4 bc
2c 2

C CL2

<S4
@= 35715,

Moreover, let k,p be positive integers and aq, ..., ap be positive constants. Then,

ab <

k
p p
, k—1 k
g a; <p g a;.
J=1 J=1

The following lemma gives the asymptotic behavior for some specific sequences of de-

scent steps.

Lemma E.2. Let o, 8 be non-negative constants such that 0 < o < 1, and (uy,), (v,) be
two sequences defined for alln > 1 by

Cuy Co
Up 1= — Up = —5
" e’ s’

with ¢y, cy, > 0. Thus, there is a positive constant ¢y such that for allmn > 1,

Bn2) -
Z e 2i=k Yy, = O (6%0” a) ; (62)
k=1
Z e~ 2=kt upvr = O (vy), (63)
k=E(n/2)+1

where E(.) is the integer part function.
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Proof of Lemma[E.2. We first prove inequality . For all n > 1,

E(n/2) E(n/2) 1
Z e~ 2=k Yugvg = cuCy Z e~ =k Ui 1ot P
k=1 k=1

E(n/2) )
< CuCo Z e Cu L=k 7o
k=1

Moreover, for all k < E(n/2),

Yo
J=k J
c
2
Thus,
E(n/2)
_ n . _Cu,l—«
Z e~ 2=k Yy < cycone” 2"
k=1

We now prove inequality . With the help of an integral test for convergence,

n n 1
doui= )
=k j:k‘]

Cu 11—« —a
. (n+ 1) —k?)
Thus,
n n
Z e Xik Yy, < cye e DT Z R
k=E(n/2)+1 k=E(n/2)+1

With the help of an integral test for convergence, there is a rank n,, , (for sake of simplicity,

we consider that n,, = 1) such that for all n > n,,,

" ey n+1 jeY
O / e B gt
k=E(n/2)+1 E(n/2)+1

< [etl t‘B} + 3 / el 1Py
-« E(n/2)+1 E(n/2)+1

+1
= M) )P 4, /n et By |
E(n/2)+1

n

Z P = 0 (e”l_a”_ﬁ> .

k=E(n/2)+1

since a < 1. Thus,

As a conclusion, we have

Z e Z;l:k ujUk;’Uk. =0 (e_(n-i-l)l_a—‘,—nl—avn)
k=E(n/2)+1

=0 (vy).
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