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Abstract—We work with tomographic images of pore space
in soil. The images have large dimensions and so in order to
speed-up biological simulations (as drainage or diffusion process
in soil), we want to describe the pore space with a number of
geometrical primitives significantly smaller than the number of
voxels in pore space. In this paper, we use the curve skeleton
of a volume to segment it into some regions. We describe the
method to compute the curve skeleton and to segment it with a
simple segment approximation. We approximate each obtained
region with an ellipsoid. The set of final ellipsoids represents the
geometry of pore space and will be used in future simulations.
We compare this method which we call geometrical method with
the one described in the paper [8], which we name statistical
method (using k-means algorithm).

Index Terms—Pore space approximation; ellipsoids; curve
skeleton; segmentation;

I. INTRODUCTION

In recent years, much progress has been made on tomo-
graphic images of porous media, particularly in soil sciences.
Images are more and more large and accurate, making bi-
ological and drainage simulations long and complex using
voxel approaches. Some works are already existing on the
representation of the geometry of the pore space of soils to
decrease the number of primitives to be treated and thus to
reduce the computation time of these simulations. We work on
improving that and describing the geometry of the poral space
using the techniques of image analysis and 3d-modeling.

The goal of our work is to represent 3D shapes from voxel-
based representation using primitives like ellipsoids [2]–[4].
In [8], [13], the voxels set is approached with the smallest
set of maximal spheres covering the pore space. This set
is calculated using Delaunay triangulation. The spheres are
centered on the surface skeleton of the shape: they are maximal
spheres contained in the shape. The centers of these spheres
sample the surface skeleton of the shape. In [8], [12], [15],
this set of spheres is approximated with a set of geometric
primitives. In [12], [15] these primitives are cylinders, whereas
in [8] they are ellipsoids. Compared to spheres and cylinders,
ellipsoids better fit pore space cavities. Moreover, we can
still extract from these primitives a diameter value, needed in

Young-Laplace equation for drainage simulation. So the use
of ellipsoids seems to be a good choice, for our applications,
according to primitive complexity and error fitting.

The algorithm given in [8] has two steps. The first one
consists in clustering the set of maximal spheres using seg-
mentation methods and the second step consists in merging
the computed primitives in the case where they overlap too
much. In our work, we aim at simplifying this algorithm by
removing its second step: indeed, if the segmentation method
gives a better set of ellipsoids, it is no more needed to merge
the primitives at the end. Hence, we proceed by studying
different segmentation methods. The one used in [8] is the
k-means algorithm, see also [11].

The pore space is extracted (with some thresholding) from
tomographic 3D images of significant size. The pore space
is initially a huge set of voxels. To speed-up physical sim-
ulations of drainage and diffusion in soils, a more compact
representation of the poral space is essential. The simulation
will be done on a graph the vertices of which represent the
different regions of the pore space, and the edges of which
join two neighboring regions. The information of the volume
of each region will be stored on the corresponding vertex.
An opening value will be calculated between two neighboring
regions and will represent the exchange capacity between two
regions. This information and the distance between the centers
of each region will be stored on the corresponding edge. When
the simulation is performed on a 3D matrix of voxels, this
graph is implicit. Simulation calculations are essentially the
same on both graphs. We expect that the simulation on the
regions graph will be more efficient than on the voxels graph,
without loss of precision.

Our work focused on the study of 3D image segmentation
methods preserving the geometry and topology.

We consider the pore space as a volume V bordered by
a connected surface S. The surface S has no border, and
separates an interior (of finite volume in the bounding box
of S) and an exterior (of infinite volume). The volume V
represents all the voxels of the pore space. When the surface S
is not connected, we decompose it into connected components.



We consider a voxel indexed by the triple (i, j, k) as the
real point of coordinates (i, j, k).

The method described in [8] uses the maximal spheres
centered in the region bordered by the surface S. So, we have
studied the literature on segmentation of surface skeleton and
curve skeleton of a surface S.

Several methods of calculation of the surface skeleton (or
medial axis) are given in the literature [1], [21] but there are
few methods of segmentation of the surface skeleton, see [17].

In [21], the authors compute a distance map (or distance
field) by solving an eikonal equation (of light ray trajectory)
using the Fast-Marching method. From this map, the skeleton
points are extracted using the Laplacian. In [1], the authors
describe the Power Crust algorithm that approaches the medial
axis of a point cloud using the Voronoi diagram (or equiva-
lently the Delaunay triangulation) and permits to reconstruct
the surface from this skeleton. In [17], the authors segment
the 3D skeleton of a volume using its 2D boundaries.

There are also different discrete or continuous curve skele-
ton extraction methods [5], [20], [22]. The paper [5] describes
the homotopic thinning algorithm. In [22], the authors adapt
this algorithm in the particular case of tubular surfaces rep-
resenting blood vessels for medical diagnostics. Still in a
medical application, in [20], the authors calculate an iterative
contraction of a mesh to obtain the curve skeleton.

Papers [19] and [18] compare different methods for com-
puting curve skeletons. [19] gives a comparison of mesh
contraction based methods with geometric criteria such as
homotopy, thickness, preservation of details whereas [18]
focuses on voxel-based methods. Several articles deal with
a 3D surface segmentation based on the segmentation of the
curve skeleton [6], [16].

The paper [16] deals with surface segmentation using the
critical points of the curve skeleton and using the geodesic
distance (the length of the shortest paths inside the volume
V ) to segment the volume attached to the skeleton, whereas
in [6] the authors present a mesh segmentation algorithm. They
first transform the mesh into a voxel representation and then,
they calculate the curve skeleton by homotopic thinning using
the skeleton as a graph. Each branch of the graph (or skeleton)
is then associated with a region of the segmentation.

Our work is inspired by this last method, starting directly
from the voxel representation of a connected region of the
pore space. We determine the curve skeleton by homotopic
thinning (described in particular in [5]).

The points (or voxels) of the boundary of the volume are
iteratively deleted as long as their removal does not change the
topology of the volume (number of connected components,
Euler characteristic). A condition is added to preserve the
geometrical features of the object: a point cannot be deleted
when it has only one neighbor (it prevents to reduce the
skeleton to a single point for a convex volume).

We use the curve skeleton of a volume to segment the poral
space into several regions. Each region can be approximated
with an ellipsoid. The curve skeleton contains all the informa-
tion of the geometry of a volume, this is why, in this paper,

we call it the geometric method, in order to differentiate it
from Kemgue and Monga’s method, [8]. The latter uses the
k-means algorithm which clusters several data in k regions.
This algorithm is used on the centers of maximal spheres
contained in the volume. The geometric information lies in
these maximal spheres. Since the k-means algorithm is often
used in statistics, we call this method, in this paper, the
statistical method. We compare our results with this method
on the same images.

In the following paragraphs, we describe the method of
extraction of the curve skeleton, paragraph II and then, we
describe how we segment this skeleton with a simple polygo-
nal approximation, paragraph III.

In paragraph IV, we give the geometric results and compare
with the statistical method described in [8] before the merging
step.

Finally, we conclude on the efficiency of the two methods
and give our perspectives of work to ameliorate and use the
geometrical method in the context of drainage and diffusion
simulations.

II. EXTRACTING THE DISCRETE CURVE SKELETON OF A

3D IMAGE

We work with Matlab software in which several toolboxes
enable the manipulation of 3D images as matrix. The pore
space V is extracted with some thresholding from tomographic
3D images. Then, we use the homotopic thinning method
to compute the curve skeleton, [9]. A voxel (i, j, k) can be
deleted if all the following conditions hold, [10]:

• It is on the boundary of the volume V , i.e. at least one
of its 26 neighbors is outside V .

• It is not an ending point (An ending point has only one
neighbor), with the 26-neighborhood.

• Its suppression does not modify the Euler characteristics
(topological condition).

• Its suppression does not modify the number of connected
components.

We obtain the results presented in the following figures,
Fig 1 on synthetic data and Fig. 2 and Fig. 3 on real data.
The red dots are the skeleton points and the initial surface
is in transparent gray. Note that we work separately on each
connected component of the poral space V .

III. FROM SKELETON POINTS TO GRAPH, SEGMENTATION

AND ELLIPSOID APPROXIMATION

This section deals with the curve skeleton segmentation and
the approximation of pore space by a set of ellipsoids.

The curve skeleton is used as a graph in which each node
is a point (or voxel) of the curve skeleton. We consider the
26-neighborhood of the voxels. The curve skeleton has by
construction thickness 1. There are different kinds of nodes,
depending on their degree: the number of neighbors, Fig. 4.
The ending nodes are nodes with only one neighbor. They are
at the extremity of branches. The simple nodes are nodes with
exactly two neigbours. The interior nodes are nodes with more
than two neigbors. They are the nodes at the intersection of



Fig. 1. Representation of the points of the curve skeleton on a synthetic 3D
image representing pore space (with a unique connected component). Red
dots are skeleton points.

Fig. 2. Representation of the points of the curve skeleton on the biggest
connected component of a real 3D image from tomography of soil. Red dots
are skeleton points.

branches. A branch is a maximal set of neighboring simple
nodes. The graph is black on the figure Fig. 1.

First, we segment the graph in a set of branches between
two nodes that are not simple nodes, that is to say node with
a degree different of 2. We suppose here that the graph is not
reduced to a cycle. Secondly, a set of segments are computed
on each branch. From a node of the branch, we determine the
vector that goes to the last node and so on. While we go to the
same direction, the nodes are on the same segment, otherwise
we define a new segment, see Fig. 5.

Then, each voxel of V , including boundary voxels, is
associated to the nearest segment of the curve skeleton: it
gives a partition of voxels of V . To do that, we use the

Fig. 3. Zoom of the points of the curve skeleton of the Fig. 2.

Fig. 4. Representation of different kinds of nodes in the skeleton graph. In
green, interior nodes. In red, ending nodes. In blue, simple nodes.

Dijkstra’s algorithm which computes the shortest paths inside
V between the source (all skeleton points) and the other points
of V . These paths do not exit the volume V ; it would happen
using for example an Euclidean distance on a non-convex
part of V . The length of these shortest paths is called the
geodesic distance. On Fig. 7, the color of a point is the color
of its closer skeleton segment. It defines a region per segment
of the curve skeleton. To finish, we determine a bounding
ellipsoid per region, see Fig. 8, using the volume minimization
method [14]. We could as well compute the best ellipsoid
(its axis are the eigenvectors of the covariance matrix [2]),
or the closest ellipsoid (the ellipsoid the closest to boundary
points of the region, with some least square method). Finally,
we could also test the ellipsoids-free approach, i.e. compute
volumes (counting voxels in each region) and gravity centers
of regions, opening values (counting voxels ”between” two
regions), distances between two neighboring regions, and use
these values for the graph.

IV. COMPARISON OF THE GEOMETRICAL METHOD WITH

THE STATISTICAL ONE

In this section, we give our results and compare them to
results of the method described by Kemgue and Monga [8].



Fig. 5. An example of simple polygonal approximation on a branch of a curve
skeleton. In blue, the voxels of the curve skeleton and in red the segments.

Fig. 6. An example in 2D of two regions. In red the voxels of the region
associated to the red segment, in green the voxels of the region associated
to the green segment. In black the other voxels of the curve skeleton and in
blue the other voxels of the pore space.

The first method detailed in algorithm 1 is the statistical
method described by Kemgue and Monga [8]. The second
method detailed in algorithm 2 is the geometrical method using
curve skeletons described previously in paragraph II and III.

We compare the two methods first on synthetic images
representing the pore space and secondly on real images
(only on the biggest connected component for visibility). We
compare the results before the merging step that we want to
suppress. We define the following geometrical criteria for the
evaluation of the algorithms:

- the error of reconstruction: the volume of the symmetric
difference between the initial poral volume and the recon-
structed one. The volume is measured counting voxels.

- the number of ellipsoids (or the number of regions).
- the intersection volume of the ellipsoids, which should be

as small as possible. The volume is measured counting voxels.
- the mean of minimal, medial and maximal radii of

ellipsoids. This criterion verifies if large pores and small pores
are differentiated by the used method.

As the first algorithm is iterative, we fix its maximum
error threshold to the value obtained with the second method.
Results are given on Table I and II. We obtain Fig. 9 on
synthetic data and Fig. 10 and 11 on real data.

Algorithm 2 is faster than algorithm 1 : the computation
times of the curve skeleton and the maximal spheres are
equivalent, but finding an ellipsoid fitting a set of points is
much faster than finding an ellipsoid fitting a set of spheres.
In the second case, it is necessary to compute a set of points

Fig. 7. Illustration of regions using
the simple polygonal approximation
of the curve skeleton. The curve
skeleton is the one on the Fig. 1.

Fig. 8. The set of bounding el-
lipsoids determined by the volume
minimization method.

Algorithm 1 Approximation of the pore space by a set of
ellipsoids using the k-means algorithm
Input: a set of voxels representing the pore space

• computation of maximal spheres centered in the pore
space (approximation of the surface skeleton)

• segmentation in k class, k fixed, with the k-means algo-
rithm applied on the centers of maximal spheres

• for each class, computation of the convex hull of the
union of the maximal spheres of the class and approxi-
mation by an ellipsoid.

• computation of the error. If the error is above the thresh-
old, increase k and reiterate from the second point above.

Output: a set of ellipsoids approaching the pore space

in the convex hull of the discretisation of the set of spheres
before fitting these points by an ellipsoid.

The volume of superposition of ellipsoids are equivalent in
the two algorithm.

We can see also that in general, with algorithm 1, the
different regions have almost the same size and we can
not make a difference between large and little pores. For
our applications in drainage and diffusion, it is fundamental
to distinguish large pores from little ones. For example, in
drainage process, for a given pressure the little pores are filled
with water whereas the largest ones are filled with air.

Considering only symmetrical difference, algorithm 1 is
more flexible than algorithm 2 because it is iterative. So it is
possible to control the symmetrical difference error adjusting
the number of ellipsoids. In its current state, algorithm 2 is not
iterative, the number of regions is fixed because it depends on
the segmentation of the curve skeleton. If needed, we can make
it iterative halving segments and fixing a minimum number of
voxels per region.

V. CONCLUSION AND FUTURE WORKS

This paper presents a comparison between two algorithms
for fitting pore space with ellipsoids. For future simulations of
drainage and diffusion, we have to distinguish large pores from
little ones. We propose an algorithm using the segmentation
of the curve skeleton of the pore space to put ellipsoids. We
call this method the geometric method and compare it to the
one exposed in [8] that we call statistical method (because it
uses k-means algorithm).



Algorithm 2 Approximation of the pore space using segmen-
tation of the curve skeleton
Input: a set of voxels representing the pore space

• computation of the curve skeleton by the thinning method
• computation of the graph representing the curve skeleton
• segmentation into branches
• polygonal approximation of each branch: determination

of a set of segments
• for each segment, determination of the nearest points of

the volume (with Dijkstra’s algorithm)
• approximation of these points by an ellipsoid.

Output: a set of ellipsoids approaching the pore space

Fig. 9. Results of algorithms 1 (left) and 2 (right) on the example of the
Fig.2.

According to our criteria, this method gives good results
but it has to be validated in the simulations of drainage
and diffusion, which is the objective of our project (work in
progress). In case it is needed to improve this description of
the pore space (in our applications or for other uses), we now
give some tracks that can be explored later.

The first is that ellipsoids are not the only primitives that can
be used to approximate the regions obtained by the geometrical
method. We could use the superellipsoids [7], more general
than ellipsoids and allowing a better fitting to the regions. It is
possible to find the best parameters of a superellipsoid fitting
a set of points using, for example, Levenberg-Marquardt or
BFGS algorithm.

We could also directly use each region as a set of voxels (a
list of voxels) for drainage and diffusion simulations. By di-
rectly using the region segmentation of the geometric method,
we eliminate the symmetric difference of approximation of
poral space with maximal spheres or ellipsoids because we
keep all the initial voxels.

Moreover, with the statistical method, the poral space is
approximated by a set of ellipsoids. It is then necessary
to calculate a graph describing this set. Each ellipsoid is
represented by a vertex and two overlapping ellipsoids give
an edge in the graph. This graph is necessary for simulations.
In the geometric method, the graph is directly obtained from
the graph of the curve skeleton, so it is no longer necessary
to calculate it.

Finally, in order to validate with results of physical simula-
tions, we will test the best geometrical representation (superel-

TABLE I
COMPARATIVE TABLE OF ALGORITHM 1 AND 2 ON THE EXAMPLE OF THE

FIG.9.

Algorithm 1 Algorithm 2
nb of voxels in pore space 13162 13162
nb of maximal spheres or skeleton voxels 3731 150
nb of ellipsoids 70 105
symmetrical difference 30% 38%
volume of superposition of ellipsoids 89% 86%
mean of minimal radii (standard deviation) 3.46(±0.89) 2.57(±1.14)
mean of medial radii (standard deviation) 4.44(±0.55) 4.29(±1.57)
mean of maximal radii (standard deviation) 5.30(±0.48) 6.46(±1.88)
computation time 140s 55s

Fig. 10. Results of algorithm 1 on a real image of pore space. The regions
obtained by k-means algorithm (top). The points are points in maximal spheres
on each region. The ellipsoids approximating the previous regions (bottom).

lipsoids or regions) with simulation of drainage and diffusion
on real images. We will compare with Lattice-Boltzmann
(voxels-based) simulations, which give the ground-truth.

ACKNOWLEDGMENT

This publication was made possible by NPRP grant #9-390-
1-088 from the Qatar National Research Fund. The findings
achieved herein are solely the responsibility of the authors.



Fig. 11. Results of algorithm 2 on a real image of pore space. The regions
obtained by segmenting the curve skeleton (top). The ellipsoids approximating
the previous regions (bottom).

TABLE II
COMPARATIVE TABLE OF ALGORITHM 1 AND 2 ON THE EXAMPLE OF

FIG.10 AND FIG.11.

Algorithm 1 Algorithm 2
nb of voxels in pore space 269640 269640
nb of maximal spheres or skeleton voxels 111203 4162
nb of ellipsoids 218 726
symmetrical difference 40% 48%
volume of superposition of ellipsoids 74% 87%
mean of minimal radii (standard deviation) 7.30(±1.71) 3.20(±2.04)
mean of medial radii (standard deviation) 8.54(±1.58) 4.81(±3.03)
mean of maximal radii (standard deviation) 9.95(±1.66) 7.36(±4.39)
computation time 740s 373s
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